Abstract: Indentation tests provide a simple means to study the inelastic behavior of ice and other materials when loaded under a compressive stress state. Such tests provide force-time plots which are often converted to pressure-area (PA) curves. For ice, PA curves are widely used in the design of ships and offshore structures. Despite their usage, and despite many attempts to relate empirical results to theory, the mechanics underlying PA curves is not clearly understood. In this paper, it is shown that by taking into account the strain-softening behavior of ice when rapidly deformed beyond terminal failure within the regime of brittle behavior, two effects can be explained: the decrease in pressure with increasing area, termed the indentation size effect; and, for a given area, the increase in pressure with increasing radius of indenter, termed the indenter radius effect. The analysis is supported using published data on freshwater, polycrystalline ice that have been obtained using spherically shaped indenters. The indentation size effect for ice reflects a similar effect found in ceramics and rock, but is opposite to the effect found in metals where, owing to strain hardening, indentation pressure or hardness increases with increasing area. which are often converted to pressure-area (PA) curves. For ice, PA curves are widely used in 14 the design of ships and offshore structures. Despite their usage, and despite many attempts to 15 relate empirical results to theory, the mechanics underlying PA curves is not clearly 16 understood. In this paper, it is shown that by taking into account the strain-softening behavior 17 of ice when rapidly deformed beyond terminal failure within the regime of brittle behavior, 18 two effects can be explained: the decrease in pressure with increasing area, termed the 19 indentation size effect; and, for a given area, the increase in pressure with increasing radius of 20 indenter, termed the indenter radius effect. The analysis is supported using published data on 21 freshwater, polycrystalline ice that have been obtained using spherically shaped indenters. 22
Introduction 29
The present study follows from Sanderson"s work and is motivated by a number of 30 observations and a number of engineering experiences at different scales on the indentation of 31 ice. Ever since Sanderson (1988) found that the pressure to indent ice decreases with 32 increasing area, many attempts have been made to explain the relationship. Although initially 33 controversial, the trend of decreasing global pressure with increasing contact area now 34 appears to have been accepted by the international engineering community (see Table 1 ). 35
Upon reviewing design practices and recommendations for offshore structures and for ships, 36
we find that it is commonly accepted that, provided ice is indented rapidly enough to impart 37 brittle behavior, ice pressure is in accordance with Sanderson where C is a proportionally constant (to be discussed further), p is defined as the design 42
(maximum/failure) load divided by either the apparent projected contact area or the local 43 design area, and where -0.7≤q≤0.0. The value q=0.0 implies no size effect, which is the case 44 for ductile behavior. 45
Generally, the derivation of design pressures is based on experimental data that are 46 obtained from a variety of sources, including structure-ice interactions, ship ramming trials, 47 borehole-jack tests, indentation tests and flat-jack tests. Also, the data come from different ice 48 types and geometries and from different geometries of the structure. The data, therefore, are 49 scattered, by as much as an order of magnitude or more for a given contact area. In an attempt 50 to isolate key parameters, including confinement, contact aspect ratio, interaction rate and ice 51 characteristics (temperature, salinity, density, grain structure, loading direction, failure mode), 52
Timco and Sudom (2013) noted that the information is too limited to allow definitive 53 conclusions. The challenge of understanding ice indentation and pressure-area relationships 54 thus remains. 55 56 Several explanations of the pressure-area relationship (Eq. 1) have been offered. Some 57 workers have attempted to explain the pressure-area relationship in terms of the flaw statistics 58 of the specimen (Sanderson, 1988) . Palmer and Sanderson (1991) area effect follows from Griffith"s theory of brittle fracture and also from the concept of 63 ductile-to-brittle transition. Owing to a non-uniform distribution of the force between ice and 64 a structure (i.e., evidence of force concentration in high pressure zones (hpz"s)), Palmer et al. 65 (2009) made a distinction between the area over which a force is measured and the area that 66 controls the force. Their explanation is based on the idea that only one hpz is present within 67 the contact area over which the total force is measured. 68
Questions and approach 69 70
Noteworthy, by its absence in any of the PA explanations, is a reference to the stress-strain 71 constitutive relationship of ice as a material. Absent, too, is the geometry of the indenter. To 72 us, that seems like a shortcoming. Thus, this paper addresses two questions: 73
74


Given that pressure (p) and contact area (A) are the measurable quantities and 75 that C and q are the proportionality coefficient and exponent uniting these 76 measurable quantities, such that p=CA q , do C and q relate to the material 77 properties of ice and to the system parameters of the indenter? 78
And, for a given shape of indenter, do C and q vary with indenter size? 79
80
To those ends, our approach is first to review relevant experimental observations on the 81 indentation of ice, and then to offer a new constitutive-based, phenomenological explanation 82 of the effects on pressure of both indentation size and indenter radius. In the interests of 83 clarity, we limit our discussion to the rapid indentation of freshwater, polycrystalline ice at 84 temperatures of around -10°C by spherically shaped indenters with radii from 5 mm to 2300 85 mm. The term "rapid indentation" is used here to indicate that ice exhibited characteristics of 86 brittle compressive failure: radial cracks, saw-tooth load behavior, etc. We consider only 87 results from tests where possible effects of sample boundaries were minimized by careful 88 selection of the sample size, of the indenter size and of the experimental setup. In other words, 89
we consider results only from tests that correspond to so-called full confinement indentation 90 (as defined by Blanchet and DeFranco, 2001) or to indentation into an ice wall (Sodhi, 2001) . 91
Finally, in the interests of placing the behavior of ice within the context of materials behavior 92 as a whole, we note that ceramics and rock also exhibit a reduction in indentation pressure 93 with increasing area, and that metals, owing to their ability to strain harden, exhibit an inverse 94
relationship. 95
To some extent our work is motivated by the findings of Masterson et al. (1992) 
Polycrystalline ice 284
Returning to the two size effects observed for ice, we base our interpretation on the strain 285 softening behavior that ice exhibits once terminal failure is reached. The indentation analysis 286 presented in this section assumes that the representative volume of the material has passed 287 through the point of terminal failure such that strain softening takes place. This is a reasonable 288 assumption because characteristics of brittle compressive failure (i.e., radial cracks, saw-tooth 289 load behavior) were evident in all tests considered. Strain softening is evident from 290 compressive stress-strain curves when ice is rapidly loaded (to impart brittle behavior) under 291 triaxial states of stress (e.g., see Golding et al., 2012). 292 Following Tabor"s (2000) analysis for metals, the principal difference for ice is that α<0 293 (in Eq. 7). This implies that q<0, as observed. It could then be said that ice exhibits an 294 "inverse" indentation size effect, relative to the one seen in metals. Correspondingly, the value 295 of the constant C in the PA relationship is expected to increase with increasing R, as shown in 296 Figure 3 . 297 Qualitatively, therefore, the two size effects exhibited by the indentation of ice can be 298 explained in terms of its strain softening behavior. Quantitatively, we caution against 299 quantifying both C and q from Eq. 9 as we do not have independent measurements of the 300 material constants in that relationship. 301
302
The two size effects can also be derived phenomenologically by using the second 303 definition of strain, Eq. 3b. Accordingly, consider two indenters of radii R l and R s such that R l 304 > R s . When the chordal radii of imprints left by indenters are equal a l =a s (i.e., the contact area 305
A is the same), the smaller radius indenter creates a deeper crater, i.e., u s > u l where u is the 306 depth of imprint. Assuming that both u s and u l fulfill the requirements of continuity, we then 307 can establish the ratio of strain created by the smaller radius indenter to that created by the 308 larger radius indenter. 309 =2.0, ε s /ε l approaches a constant value equal to f 1 ). Hence, the representative strain generated 319 by the smaller radius indenter is higher than that generated by the larger radius indenter. 320 321 Now we relate the strains to the stress levels. Figure 6 shows stress vs. time and strain vs. Figure 6 , assuming that strain softening will continue to large strains, one 324 can see that, the representative stress (σ 11 ) is expected to be higher for the larger radius 325 indenter and so does the hardness. This means that for a given contact area A, the hardness 326 under the larger radius indenter will be higher than that under the smaller radius indenter. It 327 can also be interpreted that C in the equation p=CA q gets larger with increasing the radius of 328 indenter. This is indenter radius effect we were looking for. 329
330
To summarize, we have applied two slightly different definitions of inelastic strain in an 331 attempt to explain two size effects observed during the indentation of polycrystalline ice. 332
First, we borrowed the definition of strain from metallic materials and applied the continuum 333 indentation analysis of Tabor (2000). In the second approach, we used another definition of 334 strain that takes into account the size of the deformation region below the indenter. We 335 utilized the experimentally found stress-strain relationship for the ice loaded tiaxially under 336 high degrees of confinement. In so doing, we were able to account for both the indentation 337 size effect and the indenter radius effect. 338 339
Discussion 340
Ice pressure is a function of many variables not just the contact area. But, in Sanderson"s 341 PA relation, the other variables are hidden in the proportionality constants C and q. This paper 342 has re-examined full and laboratory scale data on freshwater ice indentation with spherically-343 shaped indenter tips and has addressed two questions. Firstly, given the PA relation (Eq. 1), 344 do C and q relate to the material properties of ice and to the system parameters of the 345 indenter? The answer is yes, as taking into account strain-softening behavior of ice, the 346 parameters C and q can be expressed in terms of material parameters (strain softening 347 exponent, etc.); see Eq. 9. Secondly, for a given spherical indenter tip, do C and q vary with 348 indenter tip radius? The analysis in this paper has shown that that the coefficient C increases 349 does not specify one value. Instead, the new model expresses q in terms of the product of the 367 strain softening exponent α (Eq. 7) and the exponent β that relates inelastic strain to the ratio 368 of the radii of the indentation and the indenter (Eq. 3a), q= -0.5αβ. At this juncture, there are 369 no data available on the value of the either exponent, only the qualitative results (from stress-370 strain curves in Figure 6 ) that α<0 beyond the point of terminal failure and that β>0. It is 371 premature, therefore, to go further than we have. Our sense, however, is that the actual value 372 of both exponents may be a function of the conditions of deformation (temperature, 373 indentation velocity, grain size of the ice, etc.) and, thus, that the value of q depends 374 somewhat on the conditions of indentation. From a practical perspective, however, the value 375 q= -0.5 seems to describe field data quite well. 376
In terms of the coefficient C, earlier models were not informative. The present model, in 377 comparison, expresses C algebraically in terms of a number of materials parameters (Eq. 9) 378 and indenter radius. Again, since the values of material parameters are not available, it is 379 difficult to specify C numerically. Yet, with respect to the objective of this study, the new 380 model shows that C increases with the radius of the indenter, owing to the strain softening 381 character of ice (α<0). 382 
